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Abstract. We establish inequalities for the eigenvalues of the sub-Laplace 
operator associated with a pseudo-Hermitian structure on a strictly pseu- 
doconvex CR manifold. Our inequalities extend those obtained by Niu 
and Zhang l26l for the Dirichlet eigenvalues of the sub-Laplacian on a 
bounded domain in the Heisenberg group and are in the spirit of the well 
known Payne-Polya- Weinberger and Yang universal inequalities. 



1. Introduction 

The sub-Laplacian A b associated with a pseudo-Hermitian structure on a 
strictly pseudoconvex CR manifold M is prototypical of a class of subel- 
liptic operators which appear naturally in several geometric situations that 
could be gathered under the concept of "Heisenberg manifolds". The recent 
work of Ponge Il29ll provides a detailed discussion and a fairly compre- 
hensive presentation of the spectral properties of such operators, including 
Weyl asymptotic formulae and heat kernel expansions. 

The sub-Laplacian A b plays a fundamental role in CR geometry, similar 
to that played by the Laplace-Beltrami operator in Riemannian geometry 
(e.g., CR Yamabe problem). Several works published in recent years are 
devoted to the study of this operator and the investigation of its spectral 
properties, see for instance [|3]|4]|5]|3[m|24l|26]|29). In particular, it is 
known that A b is subelliptic of order \, that is for each x e M, there exist a 
neighborhood U c M and a constant C > such that, Vne Cq(U), 

IMItfi/2 < C{(-A b + I)u,u) L 2. 

This a priori estimate leads to the proof of the hypoellipticity of A b and the 
discreteness of its spectrum when M is a closed manifold (see Il3l 151 12510. 
Since the pioneering work of Greenleaf IfTTI . many recent contributions 
aim to extend to the CR context some of the spectral geometric results es- 
tablished in the Riemannian setting such as Li-Yau or Lichnerowicz-Obata 
inequalities (see, for example, E |U [8] 124) ). It is worth noticing that the 
determination of the eigenvalues of the sub-Laplacian on the standard CR 
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sphere S 2 " +1 remains an open problem, except likely for n = 1 according to 

EE 

In this article, we focus on finding bounds on the eigenvalues in the same 
vein as Payne-Polya- Weinberger universal inequalities 11271 . These inequal- 
ities, established in the 1950's for the eigenvalues of the Dirichlet Laplacian 
in a bounded domain of the Euclidean space W, were first stated as follows: 
for every k > 1 , 



A k+1 -A k <- T >M, (1.1) 




before being improved by several authors (see for instance [Q3|23][30]|). For 
example, the following inequality due to Yang OOll implies (11.11) : 

k k 

Ya k+ i - Ad 2 < - Y A t (A k+l - At). (1.2) 

Extensions of universal inequalities to bounded domains in Riemannian 
manifolds other than the Euclidean space have also been obtained. Let 
us mention, for example, the following Yang's type inequality obtained by 
Ashbaugh fll] for domains of the unit sphere S" c R" +1 (see also IfTOll ): 

J](A k+l - Ad 2 < - J](A k+[ - Ad(Ai + j). (1.3) 

r = 1 i= 1 

It is a remarkable fact that the equality holds for every k in this last in- 
equality when the A t are the eigenvalues of the Laplace-Beltrami operator 
on the whole sphere. This fact was observed by El Soufi, Harrell and Ilias in 
their paper [fl6l where inequality (11.31 ). as well as many other inequalities in 
the literature, are recovered as particular cases of the following inequality 
which applies to the eigenvalues of the Laplace-Beltrami operator of any 
n-dimensional compact Riemannian manifold M, with Dirichlet boundary 
conditions if dM ± 0, 

k 4 * 1 

J](A k+l - Ad 2 < - 2](A k+1 - Ad(Ai + -\\H\\i), (1.4) 

(=i i=i 

where H is the mean curvature vector field of any isometric immersion of 
M into a Euclidean space R n+P . Notice that inequality (11.41) had also been 
found independently by Chen and Cheng [0 for the Dirichlet eigenvalues 
on a bounded domain of a Riemannian manifold. 

Niu and Zhang [|26l were certainly the first to address this issue for subel- 
liptic operators. They obtained Payne-Poly a- Weinberger and Hile-Protter 
type inequalities for the Dirichlet eigenvalues of the sub-Laplacian on a 
bounded domain of the Heisenberg group H" of real dimension In + 1. The 
following Yang type inequality has been obtained in this context in lfT6ll as 
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an improvement of Niu-Zhang results: 

k 2 k 

J](A k+l - Ad 2 <-J] - *i\ (1-5) 



,=i 



In what follows (see Corollary 14. 1 1 below), we will prove that inequality 
(11.51) remains valid for any strictly pseudoconvex CR manifold M of real 
dimension In + 1 provided it admits a Riemannian submersion over an open 
set of R 2 " which is constant along the characteristic curves of M (i.e. the 
integral curves of the Reeb vector field). Of course, the standard projection 
W —> K 2 " satisfies these assumptions. 

As for the CR sphere S 2n+1 and domains of S 2 " +1 , we will obtain the 
following inequality (Corollary 13 .11 ): 

k 2 k 

V (A k+l - Aif < - V (A k+1 - Ai)(Ai + n 2 ), 
it n ti 

which is sharp for k = 1 . 

All these results are actually particular cases of a more general result 
(Theorem 13.11 ) that we establish in Section 3 for an arbitrary strictly pseu- 
doconvex CR manifold M of real dimension In + 1 endowed with a compat- 
ible pseudo-Hermitian structure 6. Indeed, we prove that the eigenvalues of 
the sub-Laplacian A h in a bounded domain Zl c M, with Dirichlet boundary 
conditions if Zl ± M, satisfy inequalities of the form (see Theorem B.ll for 
a complete statement): for every integer k > 1 and every pel, 

k k 

£ u+1 _ A .y < E^£> £ (Am - Ai y~\ Ai + l -\\ Hh (f)\\i), d-6) 

i= 1 (' = 1 

A k+1 < (1 + + ^ll^(/)H- ( L? ) 



i=i 



and 



4 + i < (1 + + j((l + - 1]||^(/)IIL (1-8) 

n 4 \ n J 

where / is any C 2 semi-isometric map from (M, 6) to a Euclidean space R m , 
and where Ht,(f) is a vector field defined similarly to the tension vector field 
in the Riemannian case (see Section 2 for definitions). 

Besides the CR sphere and Heisenberg groups, many other cases in which 
one has an explicit expression for ||-Hf,(/)|U are given in a series of corol- 
laries in Section 4. 

In Section 5 we prove that the inequalities (11.61) . (11.71) and (11.81) remain 
true when / is a semi-isometric map from (M,6) to a Heisenberg group 
H m which sends the horizontal distribution of M into that of H m . This can 
also be seen as a generalization of what was known about the Dirichlet 
eigenvalues of the sub-Laplacian in a bounded domain of the Heisenberg 
group, since the identity map of H" obviously satisfies H h {I w ) = 0. 
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When M is compact without boundary, one has A\ =Q and the inequality 
(11.81) leads to a relationship between the eigenvalues /L. of the sub-Laplacian 
of (M, 6) and the invariant H b (f) of any semi-isometric map / from (M, 6) 
to a Euclidean space. For the first positive eigenvalue A2, we even have the 
following inequality : 

M ~ A ^ 2nvm) i lH ^ (L9) 

where V(M,6) is the volume of (M,9). Section 6 deals with these Reilly 
type inequalities and the characterization of equality cases. For example, 
we show that the equality holds in (11.91) if and only if f(M) is contained in 

a sphere S m_1 (r) of radius r = ^Jj^^ and / is a pseudo-harmonic map 

from M to S' n ~ l (r). 

These Reilly type results are also extended to maps / from (M, 6) to a 
Heisenberg group H" 1 which sends the horizontal distribution of M into that 
of H m (see Theorem Q- 

The last part of the paper deals with Carnot groups which constitute a 
natural generalization of Heisenberg groups. A Carnot group is equipped 
with a natural operator called "horizontal Laplacian". We give PPW and 
Yang type inequalities for the eigenvalues of the horizontal Laplacian in 
terms of the rank of the horizontal distribution of the group. 

Acknowledgments. The authors would like to warmly thank S. Dragomir, 
N. Gamara, R. Petit and A. Zeghib for useful discussions. 



2. Preliminaries 

Let M be an orientable CR manifold of CR dimension n. This means 
that M is an orientable manifold of real dimension In + 1 equipped with a 
pair (H(M), J), where H(M) is a subbundle of the tangent bundle TM of 
real rank In (often called Levi distribution) and J is an integrable complex 
structure on H(M). The integrability condition for J means that, VX, Y e 
T(H(M)l 

[X,Y]-[JX,JY] e T(H(M)) 

and 

[JX, Y] + [X, JY] = J ([X, Y] - [JX, 77]) . 

Since M is orientable, there exists a nonzero 1-form 6 6 Y(T*M) such that 
KerO = H(M). Such a 1-form, called pseudo-Hermitian structure on M, 
is of course not unique. Actually, the set of pseudo-Hermitian structures 
that are compatible with the CR-structure of M consists in all the forms f6 
where / is a smooth nowhere zero function on M. 

To each pseudo-Hermitian structure 6 we associate its Levi form G e de- 
fined on H(M) by 

G e (X, Y) = -d6(JX, Y) = 9([JX, Y]) 
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(note that a factor | is sometimes put before d6 so that in the case of the 
sphere S 2 " +1 c C" +1 , the Webster metric defined below coincides with the 
standard metric). 

The integrability of / implies that G e is symmetric and /-invariant. The 
CR manifold M is said to be strictly pseudoconvex if the Levi form G g 
of a compatible pseudo-Hermitian structure 9 is either positive definite or 
negative definite. Of course, this condition does not depend on the choice 
of 6. It implies that the distribution H(M) is far from being integrable. 

In all the sequel, a pair (M, 6) will be called strictly pseudoconvex CR 
manifold if M is a strictly pseudoconvex CR manifold endowed with a com- 
patible pseudo-Hermitian structure 6 with positive definite Levi form. The 
structure 6 is then a contact form which induces on M the following volume 
form 

# e = ^—e A(dey. 

2" n\ 

We will denote by V(M, 6) the volume of M with respect to ?V 

A pseudo-Hermitian structure 6 on a strictly pseudoconvex CR manifold 
determines a vector field often called characteristic direction or Reeb vec- 
tor field of 9, defined to be the unique tangent vector field on M satisfying 
<9(£) = 1 and %\dQ = 0. Therefore, L^G = and [H(M),^] c H{M). 

The Tanaka-Webster connection of a strictly pseudoconvex CR manifold 
(M, 6) is the unique affine connection V on TM satisfying the following 
conditions : 

(1) V6> = 0, VdO = and V7 = (hence the distribution H(M) and the 
vector field £ are parallel for V) 

(2) The Torsion T v of V is such that, VX, Y 6 H(M), 

T V (X, Y) = -9([X, Y])£ and 7V(£, JX) = -JT v tf, X) 6 H(M). 

Basic examples : Standard models for CR manifolds are given by the 
Heisenberg group and real hypersurfaces of complex manifolds. The Heisen- 
berg group will be discussed in Section 5. If M is an orientable real hyper- 
surface of C" +1 , then the sub-bundle H(M) defined as the orthogonal com- 
plement of Jv in TM, where v is a unit normal vector field and J is the stan- 
dard complex structure of C" +1 , is stable by J. The pair (H(M), J) endows 
M with a CR-structure whose compatible pseudo-Hermitian structures are 
represented by 

9(X) = ~(X,Jv), 

where (, ) is the standard inner product in C n+1 . A straightforward calcula- 
tion gives 

G e (X, X) = X - (B(X, X) + B(JX, JX)) , 

where B is the second fundamental form of the hypersurface. Thus, M 
is strictly pseudoconvex if and only if the /-invariant part of its second 
fundamental form is positive definite on H(M). 
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Since the second fundamental form of the sphere S 2 " +1 c C" +1 coincides 
with the standard inner product, the above construction endows S 2 " +1 with 
a strictly pseudoconvex CR structure whose Levi form is nothing but the 
restriction of the standard inner product to the horizontal bundle H (S 2 " +1 ) 

where, for every x e S 2n+1 , H x (s 2,!+1 ) is the orthogonal complement in C" +1 
of the complex line passing through x. 

Sub-Laplacian : A Strictly pseudoconvex CR manifold (M, 6) is equipped 
with a natural second order differential operator A*, commonly known as the 
"sub-Laplacian". This operator is defined in terms of the Tanaka- Webster 
connection V by: 

A b u = trace Gfl Vdu. 
Given a local G ff -orthonormal frame {X u X 2n ) of H(M), one has 



where V u e H(M) is the horizontal gradient of u defined by, VX e H(M), 
X ■ u = G e (X, V H u). Integration by parts yields for every compactly sup- 
ported smooth function u on M, 



When (M, 6) is strictly pseudoconvex, the Levi form G g extends to a Rie- 
mannian metric ge on M, sometimes called the Webster metric, so that the 
decomposition TM = H(M) © R£ is orthogonal and the vector £ has unit 
length, that is, V X,Y e TM, 



where X = n H X is the projection of X on H(M) with respect to the de- 
composition TM = H{M) © . Notice that the Riemannian volume form 
associated to ge coincides with & e (see B71 Lemma 1]). On the other hand, 
the Levi-Civita connection V s " of (M, g e ) is related to the Tanaka- Webster 
connection V by the following identities (see for instance |[T3l p. 38]): for 
every pair X, Y of horizontal vector fields, V X Y = (V S ^Y) H and, moreover, 



where r : H(M) — > H(M) is the traceless symmetric (l,l)-tensor defined 
by tX = 7v(£X) = - [ij,X]. Notice that r = if and only if £ is a 
Killing vector field w.r.t. the metric ge (and then the metric ge is a Sasakian 
metric on M). 



2n 2n 



A b u = Yj{Xi -Xi-u- (V Xi Xi).u} = ^<V x ,VVX,-> ( 



i=i i=i 




ge(X, Y) = G e (X H , Y H ) + 9(X)9(Y), 



VfX - V^X = l -JX , V 8 ^ - Vjrf = = (i J + r)X, 
V x *Y-V x Y = -((±J + T)X,Y) ge Z and Vff = = 0, 
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If we denote by di\ gg the divergence with respect to the metric g e , one 
easily gets 

A h u = div ge V H u, (2.1) 

which immediately leads to the following relationship, known as Green- 
leaf's formula: 

a. = a* - e 

where A ge is the Laplace-Beltrami operator of (M, g e ). 

Levi tension vector field : Let (M, 6) be a strictly pseudoconvex CR man- 
ifold of dimension In + 1 and let (N, h) be a Riemannian manifold. The 
energy density of a smooth / : (M, 6) — > (N, h) with respect to horizontal 
directions is defined at a point x e M by 

1 1 2n 

e b (f) x = -trace Ge (n H f*h) x = -V K/TOg, 

where {X u ...,X 2n } is a local Ggi-orthonormal frame of H(M). According to 
[[61 Theorem 3.1], the first variation of the energy functional 

E h (f)= f e b (f)& 9 
Jm 

is determined by the vector, that we will call "Levi tension" of /, 

Hb(f) = trace Ge B f , 
where Bf is the vector valued 2-form on H{M) given by 
B f (X,Y) = V f x df(Y)-df(V x Y), 

is the connection induced on the bundle f~ x TN by the Levi-Civita con- 
nection of (N,h), and V is the Tanaka- Webster connection of (M,6). That 
is, 

In 

H b (f) = J] %df(Xd - dfiVxXt). 

Mappings with H b (f) = are called pseudo-harmonic by Barletta, Dragomir 
and Urakawa [6j. In the case where (N, h) is the standard R m , it is clear that 

H b (f) = (A b f u ...,A b f m ). (2.2) 

Since V X Y = (V^Y)" = Vf Y - ((±7 + t) X, y) g £ for every pair (X, Y) of 
horizontal vector fields, one has 

/3 f (X, Y) = B f (X, Y) + (jlj + rjx, yj df(£) 

and 

H b (f) = H(f) - Bf(g,£) = H(f) - V^/(£) 
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where B f (X, Y) = V f x df(Y) - df(V 8 ^Y) and H(f) = trace ge B f is the tension 
vector field (see Q~U). In the particular case where / is an isometric immer- 
sion from (M, ge) to (N, h), Bf coincides with the second fundamental form 
of / and H(f) coincides with its mean curvature vector. 

For the natural inclusion j : S 2 " +1 <— > C" +1 of § 2 " +1 , the form Bj is given 
by, Bj(X, Y) = - {X, Y) C n+i x + (JX, Y) C n + i Jx, where x is the position vector 
field (here v(x) = -x and g(x) = 2Jx). Thus, 

H b (j) = -In £ (2.3) 

In the sequel we will focus on maps / : (M, 6) — > (N, h) that preserve 
lengths in the horizontal directions as well as the orthogonality between 
H{M) and £ that is, VX € H(M), 

\df(X)\ h = \X\ Ge and (df(X), df(0)k = 0, 

which also amounts to f*h = g e + {p. - l)6 2 for some nonnegative function [i 
on M. For convenience, such a map will be termed semi-isometric. Notice 
that the dimension of the target manifold should be at least In. When 
the dimension of is 2n, then a semi-isometric map / : (M, 6) — > (N, h) 
is noting but a Riemannian submersion satisfying df(^) = 0. Important 
examples are given by the standard projection from the Heisenberg group 
H" to K 2 " and the Hopf fibration S 2,!+1 CP". 

Lemma 2.1. Let (M, 9) be a strictly pseudoconvex CR manifold and let 
(N, h) be a Riemannian manifold. If f : (M, 6) — > (N, h) is a C semi- 
isometric map, then the form J3f takes its values in the orthogonal com- 
plement of df(H(M)). In particular, the vector Hj,(f) is orthogonal to 
df(H(M)). 

Proof. Let X, Y and Z be three horizontal vector fields. Since the Levi- 
Civita connection of (N,h) is torsionless, one has V f x df(Y) - ¥ Y df(X) = 
df([X, Y]). From the properties of the torsion of the Tanaka- Webster con- 
nection V, one has V X Y - V Y X = [X, Y] H . Thus, 

B f (X, Y) -j3 f (Y,X) = 9([X, Y])df(t). 

Since df{%) is orthogonal to df(H(M)), we deduce the following symmetry 
property: 

(J3 f (X, Y), df{Z)) h = (J3 f (Y, X), df{Z)) h . (2.4) 
On the other hand, we have, 

Z • (dfiX), df(Y)) h = Z-(X, Y) Ge . (2.5) 

Since G is parallel with respect to the Tanaka- Webster connection V and h 
is parallel with respect to the Levi-Civita connection V /! , one gets 

Z • (df(X), df(Y)) h = (¥ z df(X), df(Y)) h + (df(X), V f z df(Y)) h 

and 



Z-{X,Y) Ge = (V z X,Y) Ge + (X,V z Y) Gg 

= (df(V z X), df{Y)) h + (df(X), df(V z Y)) h 
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where the last equality comes from the fact that V Z X and V Z Y are horizontal. 
Replacing into (12.51) we obtain 

{V{df(X) - df(V z X), df{Y)) h + (V z df(Y) - df(V z Y), df(X)) h = 0. 

Therefore, V X,Y,Z e H(M), 

(j3 f (Z, X), df(Y)) h + {fi f {Z, Y), df(X)) h = 0. (2.6) 

Taking X = Y in O we obtain, V X, Z e H(M), 

<J3 f (Z,X),df(X)) h = 0. (2.7) 

Now, taking Z = X in (1231) and using (l2~4l) and (12771) . we get, VIJ e 
#(M), 

(fif(X,X),df(Y)) h = 0. 
The symmetry property (I2.41 i enables us to conclude. □ 

A direct consequence of Lemma I2T1 is the following 

Corollary 2.1. Iff : (M, 6) — > (iV, /i) is <3 Riemannian submersion from a 
strictly pseudoconvex CR manifold (M, 6) to a Riemannian manifold (N, h) 
with df(g) = 0, then j3 f = and H b (f) = 0. 

3. Eigenvalues of the sublaplacian and semi-isometric maps into 

Euclidean spaces 

Let (M, 6) be a strictly pseudoconvex CR manifold and let Q be a bounded 
(relatively compact) domain of M. In the case where M is a closed man- 
ifold, we allow Q to be equal to the whole of M. We are interested in 
Schrodinger-type operator -Ab + V where V is a function on fL We assume 
in all the sequel that the spectrum of -A/> + V in Q, with Dirichlet boundary 
conditions if d£l 4- 0, is discrete and bounded from below. We will always 
denote by {/1/} 7 >i the non decreasing sequence of eigenvalues of -A h + V 
and by {Uj}j>\ a complete orthonormal family of eigenfunctions in Q. with 
(— Af, + V)uj = AjUj. 

Theorem 3.1. Let (M, 9) be a strictly pseudoconvex CR manifold of real 
dimension 2n + l and let f : (M, 6) — > R m be a semi-isometric C 2 map. The 
sequence of eigenvalues [A.j}j>\ of the Schrodinger-type operator -A/, + V 
in a bounded domain OcM, with Dirichlet boundary conditions ifQ 4 M, 
satisfies for every k > \ and pel, 

£ (A k+ i - A t Y < £ (A M - A^iAi + \D t ) (3.1) 

(=1 i=l 



with 
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Moreover, ifV is bounded below on Cl, then for every k > 1, 



4+1 ^(1 + ^2^ + 2^°° (3 " 2) 



;=1 

and 

A k+l < (1 + -)kh l + 7 1(1 + - 1 |A» (3.3) 
4 \ n ) 

with Doo = sup n (\H b (f)\l m - 4V). 

Applying this result to the standard CR sphere whose standard embed- 
ding j : S 2 " +1 -> C" +1 satisfies \H b (j)\ 2 c „ +] = An 2 (see (Q), we get the 
following 

Corollary 3.1. Let Vibe a domain in the standard CR sphere S 2n+1 c C" +1 . 
The eigenvalues of the operator + V in Cl, with Dirichlet boundary 
conditions ifO.^ S 2 " +1 , satisfy, for every k > 1 and p € R, 

n 

i=i i=i 

with Ti = f a Vu 2, &e. Moreover, if V is bounded below on £1, then, for every 
k>\, 

A k+l <(1 + -)jY A i + 2n--mfV 

n k 4— ' n n 

(=i 

and 

2 i 

4+i < (1 + -)fc«4 + C(n,k, V) 
n 

with C(n, k, V) = ((1 + |)Jfcs - l) (n 2 - inf n v) . 

Theorem 13.11 also applies to the Heisenberg group HP endowed with its 
standard CR structure. The corresponding sub-Laplacian is nothing but the 
operator A H « = j Tij<n(Xj + Y 2 ) (see section 5 for details). Since the stan- 
dard projection H" — > R 2 " is semi-isometric (up to a dilation, see (15.31) 
below) with zero Levi-tension (see Corollary 12. It . Theorem 13 . 1 H eads to the 
following corollary which improves the results by Niu-Zhang Il26ll and El 
Soufi-Harrell-Ilias [fl6l 

Corollary 3.2. Let Vibe a domain in the Heisenberg group H". The eigen- 
values of the operator + V in Cl, with Dirichlet boundary conditions, 
satisfy, for every k > 1 and p e R, 

v (4+, - Ad p < v (4+1 - u - rd 

n *r-t 

l=\ l=\ 
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with T t = f Q Vu 2 &e- Moreover, if V is bounded below on D,, then, for every 
k>\, 



4 +1 <(l + -)y YU--infV 

n k n a 

and 



n k n n 

1=1 



A k+i < (1 + -)kh x - ((1 + -)k>- - 1 1 inf V. 



n \ n J n 

The proof of Theorem B.ll relies on a general result of algebraic nature 
using commutators. The use of this approach in obtaining bounds for eigen- 
values is now fairly prevalent. Pioneering works in this direction are due to 
Harrell, alone or with collaborators (see Ml ED US ESS |2D 1221 )• For our 
purpose, we will use the following version that can be found in a recent 
paper by Ashbaugh and Hermi [|2) (see inequality (26) of Corollary 3 and 
inequality (46) of Corollary 8 in [12). 

Lemma 3.1. Let A: D<z < H^>'Hbea self-adjoint operator defined on a 
dense domain D which is semibounded below and has a discrete spectrum 
A x < A 2 • ■ • < A, < ■ • ■ . Let B : A{D) — » *K be a symmetric operator which 
leaves D invariant. Denoting by {Ui\t>\ a complete orthonormal family of 
eigenvectors of A with Au t = A t Ui, we have, for every k > I and p 6 R, 

k k 

Y{A k+l -A l ) p {[A,E\u i ,Bu l ) < max{l,^} V (^ +1 - A^M, B] Ui \\ 2 . 



Proof of Theorem 1X71 Let / : (M,6) — » R m be a semi-isometric map and 
let f\, ...,f m be its Euclidean components. For each a = 1, ...,m, we denote 
by f a the multiplication operator naturally associated with f a . Let us start 
by the calculation of ([-A h + V, f a ]Ui, f a ui) L i and ||[-A fe + V, f a ]Ui\\ 2 L2 . One 
has, 

[-A b + V, f a ]Uj = -A b (f a Ui) + f a (A b ui) 

= -(A^) a! -2<V ff / ff ,VV) Ga . 

Thus, 

([-A b + V,f a ]u i ,f a u i ) L z = - f MA b f a )u 2 - \ f (V7 a 2 ,V^) G , (3.4) 

Here and in the sequel, all the integrals over M are calculated with respect 
to the volume form # e or, equivalently, the Riemannian volume element in- 
duced by the Webster metric gg. The integration over the eventual boundary 
is calculated with respect to the Riemannian metric induced on dQ. by the 
Webster metric g e . Integration by parts leads to (see (12.11 )) 



(A b f 2 )u 2 + f u 2 (V H f 2 , 

JdM 



Jn Jn 
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where v is the unit normal vector to the boundary with respect to the Webster 
metric g g . Since u t vanishes on dQ. when dQ. ± 0, we get 



f (V H f 2 , V H u% e = - f (A h f 2 )u 2 
Jn Jn 



= -2 

Substituting in (13.41) we obtain 



r f a (A b fM+ f w H f a \ 2 Ge ui 

Jn Jn 



Thus 



{[-& b + V,f a ]u i ,f a ii i ) I 2= f \V H f a \ 2 Gg ul 

Ja 

m in 

J]([-A b + V,f a ]u i ,f a U i ) L 2=Y J I W H fa\ 2 Ge ul 
a=l a=l Jn 

Now, since / preserves the Levi-form, one has with respect to a G<rorthonormal 
frame {e,} of H P {M), 



m 2n 



2n m 



Eiv H /«n e = ZZ< V *^< = ZZ< V ^> 

a=l a=l i'=l i'=l ff=l 

= El d /^"' = Z kl G fl = 2 ' 7 - 



i'=l 



j=] 



Therefore, 



V<[-A fo + V,f a ]Ui,f a Ui) L 2 = In I uf = 2n. (3.5) 
£=i J « 



On the other hand, we have 



[-A h + V, f a ]Ui\\ 2 L2 = £ ((A b f a )ui + 2(V H f a , V H Ui ) Ge ) 2 

= f (A b f a ) 2 u 2 + 4 f {V H f a ,V H Ui i 
Jn Jn 

+ 2 f (A h f a )(V H f a ,V H u 2 ) G9 . 
Jn 

m p p 

^ Jn Jn 



Using (12.21) . we get 



Using the isometry property of / with respect to horizontal directions, we 
get 

m m m 

Q-=l Q'=l 

= \df(V H Ui )\ 2 Rm = \V H Ui \ 2 Ge . 
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Thus, 

y r (v H f a ,v H ui) 2 Ge = [ iv h M 4=^- r vui 

~( Jo. Jo. Jn 

Finally, denoting by {E a } the standard basis of W" and using Lemma [27T1 
we get, 

ffj .-, mm 

I & b f a (V H f a ,V H u}) Ge = (Y J ^bf a E a ,J](Vf a ,V H u^ Ge E a ) Rm 

a a a 

= (H b (f),df(V H u 2 )) v =0. 

Using all these facts, we get 

]T Ht-A, + V./jMillJ, = 4^ - JT Vufj + £ \H b (f)\ 2 Rm u 2 . (3.6) 



Applying Lemma [3TT1 with A = -A b + V and B = f a , summing up with 
respect to a = l,...,m, and using (13.51) and (13.61) . we get the inequality 



3TB. 

To prove the inequality (13.21 ). we consider the quadratic relation that we 



derive from (13.11 ) after replacing p by 2 and D t by that is, V k > 1, 

J] (A k+1 - Aif <^Yj ~ + ^) (3-7) 



1=1 i=l 

which leads to 



4 + i - 4fc+i((2 + + ^D M ) + (1 + + iz) M M t < 

2n ' n 2n 

k 



with M k = j J)* =1 /!,- and <2,t = | £f =1 ^ ■ Using Cauchy-Schwarz inequality 
M\ < Q k , we get 

A 2 +1 - 4 +1 ((2 + -)M* + \) + (1 + -)M, 2 + ^D^M, < 
v n 2n ' n 2n 

which can also be written as follows: 

(A k+1 - M k ) U k+1 - (1 + -)M k - i-D M J < 0. 

Since A M - M k is clearly nonnegative, we get A k +\ < (1 + \)M k + 
which proves (13.21) . 

Now, if we set Aj := A { + jD^, then the inequality (13.71) reads 

k 2 k 

/ ,(Ak+i - Ai) 2 < - y (Ak+i - Aj)Aj. 
, " i 

Following Cheng and Yang's argument ITTT1 Theorem 2.1 and Corollary 
2.1], we obtain 
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which gives immediately the last inequality of the theorem. □ 

4. Applications to Riemannian submersions over submanifolds of the 

Euclidean space 

Let (M, 6) be a strictly pseudoconvex CR manifold and let / : (M, 8) -» N 
be a Riemannian submersion over a Riemannian manifold ./V of dimension 
In. The manifold N admits infinitely many isometric immersions into Eu- 
clidean spaces. For every integer m > In we denote by I(N, R" 1 ) the set of 
all C 2 isometric immersions from N to the m-dimensional Euclidean space 
R" 1 . Thanks to the Nash embedding theorem, the set U mgN J(A^, R m ) is never 
empty, which motivates the introduction of the following invariant : 

H euc (N) = inf ||tf(0)|L 

0eU m£N J(]V,R'») 

where H(<p) stands for the mean curvature vector field of cp. 

Theorem 4.1. Let (M, 9) be a strictly pseudoconvex CR manifold of real 
dimension In + 1 and let f : (M, 6) — » N be a Riemannian submersion 
over a Riemannian manifold of dimension 2n such that df{^) = 0. The 
eigenvalues of the operator —At + V in a bounded domain Q c M, with 
Dirichlet boundary conditions ifQ^M, satisfy for every k > 1 and p e R 

k k 
V {Am _ Aj y < ^Zfl V _ Aj) P-l {Ai + l H euc {N) 2 _ T) (41) 

r=i (=i 

wzY/z T, = Vw 2 # e . Moreover, if V is bounded below on £1, then, for every 
k>\, 

A k+l < (1 + -)- V ^ + —H euc (N) 2 - - inf V (4.2) 

(=i 

and 

A k+l < (1 + + C (4.3) 

w/ffc C = ((1 + - i) (|//"' C (A0 2 - inf n v). 

Proof. Let : N — > R m be any isometric immersion. It is straightforward 
to check that the map f = <f> ° f '• (M, 6) — » R'" is semi-isometric and that, 
VX, y 6 H(M), 

/3 f (x, Y) = #oe 7 (x, y» + B^dfiX), df(Y)) = B^dfiX), df{Y)), 

where B^ stands for the second fundamental form of (p and where the last 
equality follows from Corollary 12.11 Now, from the assumptions on /, the 
differential of / induces, for each x e M, an isometry between H X (M) and 
Tf( X )N. Thus, if X\, ■ • ■ ,X 2n is a local orthonormal frame of H(M), then 
df{X\), • • • , df(X 2n ) is also an orthonormal frame of TN. This leads to the 
equality 

H b (f) = H(<f>). 
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Therefore, it suffices to apply Theorem 13. II to / and then take the infimum 
with respect to <p to finish the proof. 

□ 

For example, when N is an open set of R 2 ' 1 or, more generally, a minimal 
submanifold in R m , then H euc (N) = and the Theorem above gives a class 
of pseudoconvex CR manifolds including domains of the Heisenberg group, 
for which the following holds : 

Corollary 4.1. Let (M, 6) be a strictly pseudoconvex CR manifold of real 
dimension 2n + 1 which admits a Riemannian submersion f : (M, 9) — > N 
over a minimal submanifold N of dimension 2n ofW such that df(J;) = 0. 
The eigenvalues of the operator —Af, + V in a bounded domain flcM, with 
Dirichlet boundary conditions ifQj^M, satisfy for every k > 1 and p 6 R 



with Ti = f Vu 2 &e. Moreover, if V is bounded below on Q., then for every 
k>\, 



A k+l <(l + -)\yx i --MV (4.5) 
n k ■f-' n n 



/=i 

and 



A k+ i < (1 + - (1 + -)& - 1 inf V. (4.6) 

n \ n / n 

The natural embedding j : S 2 " — > R 2,I+1 of the sphere into the Euclidean 
space satisfies \H(j)\^ 2n+l = An 1 . Thus, Theorem |4~T1 leads to the following 

Corollary 4.2. Let (M, 6) be a strictly pseudoconvex CR manifold of real 
dimension 2n + 1. Assume that (M, 6) admits a Riemannian submersion f : 
(M, 0)->Dc S over a domain D of the standard sphere with df(^) = 0. 
The eigenvalues of the operator —Ab + V in a bounded domain flcM, with 
Dirichlet boundary conditions ifQ. + M, satisfy for every k > 1 and pel, 

v (a m - Ad p < t ^ - + * 2 - Td 

n 

i=i i=i 

with T{ = f Vw 2 iV Moreover, if V is bounded below on Q., then for every 
k>\, 

2 1^ 2 
A k+l <(l + -) 7 YAi + 2n--MV 
n k ' n o. 

i=i 

and 



A k+l < (1 + -)k»M + C 
n 



with C(n, k, V) = ((1 + \)k* - l) (n 2 - M a V) . 
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In the particular case of a manifold M without boundary that satisfies the 
assumptions of Corollary 14.21 one has, with V = 0, A 2 (-A b ) = 0, 

A 2 (-A b ) < 2n 

and, for every k > 1 , 

A k+1 (-A b ) < n(n + 2)k" - n 2 . 

We denote by FP m the m-dimensional real projective space if F = R, the 
complex projective space of real dimension 2m if F = C, and the quater- 
nionic projective space of real dimension Am if F = Q. The manifold FP m 
carries a natural metric so that the Hopf fibration n : S*^ 1 )- 1 c F" ,+1 — > 
FP m is a Riemannian fibration, where d ¥ = dim R F. 

Let % n+l (F) = {A e M m+ i(F) \ A* := *A = A} be the vector space of 
(m + l)x(ra+l) Hermitian matrices with coefficients in F, that we endow 
with the inner product 

(A, B) = ^trace(A5). 
The map ip : S* (m+1M cF" 1 ^ 74+1 (F) given by 

/ ko! 2 ZqZi ■ ■ ■ ZoZ, ^ 



Z\Zq |Zi| ••• Z\Z„ 
yZ m Zo Z m Z\ ■ ■ • \Z, 1 



i-ml I 

induces through the Hopf fibration an isometric embedding <p from FP" 1 into 
, K m+ i(F). Moreover, (p(FP m ) is a minimal submanifold of the hypersphere 

S ( -!-r, J .. - ,, ) of < H m+l (F) of radius J Tl - ., centered at One deduces 

\m+l A/ 2(m+l) / ra-riv / 2(»!+l) m+1 

that the mean curvature satisfies 

\H(<p)\ 2 = 2m(m+ 1)4. 

Therefore, H euc (FP'") 2 < 2m(m + 1)4 and Theorem Oleads to the follow- 
ing 

Corollary 4.3. Let (M, 9) be a strictly pseudoconvex CR manifold of real 
dimension 2n+l which admits a Riemannian submersion f : (M, 9)->Dc 
FP m over a domain of the projective space FP m of real dimension 2n (i.e. 
m = 2n/df) with df{^) = 0. The eigenvalues of the operator -A b + V in 
a bounded domain Q. c M, with Dirichlet boundary conditions ifQ^M, 
satisfy for every k > \ and pel, 

k k 

t (A k+1 - Ad" < maX(2,Pl V (A k+l - Atf-'iAi + n(2n + d P ) - T t ) 
tt n tt 

with Ti = f n Vuj&e- Moreover, if V is bounded below on Q, then for every 
k>\, 

A k+l < (1 + -)\ V Ai + 2{2n + d v )-- inf V 
n k *r-? no. 
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and 

A k+l < (1 + -)kh, + c 
n 

with C(n, k, V) = ((1 + \)k» - l) (n(2n + d ¥ ) - inf n V) . 

5. Eigenvalues of the sub-laplacian and semi-isometric maps into 

Heisenberg groups 

A model for the Heisenberg group is given by H m = R 2m+1 s C m x R 
endowed with the group law 

(z, • (w, s) = (z + w, t + s + 2Im(z, w)), 

where (z,t) = (z\ ...,z",t), (w,s) = (w l ,...,w n ,s) e C m xl, and (z,w) = 
Yij<m^w ] is the standard complex scalar product in C". A natural basis 
of the corresponding Lie algebra is given by the family of left-invariant 
vector fields {X\, ...,X m , Y\, Y m , T) that coincides with the standard basis 
of R 2m+1 at the origin. That is, T = | and, Vj < m, 

Xj= d7j +2yj dt> Y i=wr 2Xi df 

The Levi distribution H(W) is spanned by the vector fields {Xj, Yj}j< m . The 
complex sub-bundle T 1 ' of TW n <S> C spanned by 

d 3 1/ x 

Zj = dTj + ltj dt = 2^~ iY ^ J = 1 >--- m 

is such that H(R m ) = Re(r 10 © T 01 ), with 

T 01 = span |Z 7 - = — - izj- = - (Xj + iYj) , j = 1, . . . m j . 

This endows H(W") with an almost complex structure J (so that T 1,0 = 
ker(7-z) and T 01 = ker(7+z')) which is actually integrable since [Zj, Z k ] = 
for all j, k < m. Moreover, we have for all j < m, JXj = Yj. 
The standard pseudo-Hermitian structure on H m is 

m m 

6w =dt + i J^(z j dz j - z j dz j ) = dt + 2 J^(x j dy j - y j dx j ), (5.1) 

7=1 7=1 

whose differential is d6 W n = 2i Y!)=\ dz j A dz j and characteristic direction 
is T = j r Since, for all j < m and k < m, one has [Xj, Y k ] = -A8j k T and 
[Xj,X k ] = [Yj, Y k ] = 0, the Levi form G % ,„ on H(M m ) satisfies 

G % ,„ (Xj, X k ) = G^XYj, Y k ) = A8 jk and G %m (Xj, Y k ) = 0. 

We will denote by g-gm the corresponding Webster metric. 
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For a vector W e T^W", if we denote by {vi, W\, v n , w n , s} its compo- 
nents with respect to the standard basis of R 2m+1 , i.e., 

then 

W = YjiVjXj + WjY^ + is + lJ^WjXj-vjyj}- 

j j 

= YjivjXj + WjY^ + e^mT. (5.2) 

j 

Hence, the coordinates of W with respect to the basis (X u Y\, ...,X m , Y m , T) 
of T izJ) W\ are {vi, w u v n , w n , 6 W ,{W)}. Thus, 

n 

8w >(W,W) = 4^(v; + w5) + 0Hr(WO 2 (5.3) 

j 

= 4\W\l*n + i -As 2 + e m (Wf- (5.4) 
In particular, if W is horizontal, then gw(W, W) = 4| V7| 2 2 ,„ +1 - 4s 2 . 

Theorem 5.1. Let (M, 6) be a strictly pseudoconvex CR manifold of dimen- 
sion 2n + 1 and let f : M — > H" ! be a C 2 semi-isometric map satisfying 
df(H(M)) c H(W). Then the eigenvalues of the operator -A^ + V in any 
bounded domain Q. c M, with Dirichlet boundary conditions if Q £ M, 
satisfy for every k > 1 and p e R, 

V (Ak+1 _ Ai y < V {Ak+l _ Ai y-\ Ai + l Di) ( 5.5) 

i=i i=i 

with 

A = £(\H b (f)\l m -4V)u 2 & e . 
Moreover, ifV is bounded below on M, then for every k > 1, 

!=1 

and 

A k+l < (1 + -)kh l + 7 1(1 + - 1 D M (5.7) 
n 4 \ n J 

with Doo = sup n (\H b (f)& m - 4V). 

In the particular case where (M, 0) is the Heisenberg group W endowed 
with the standard CR structure, this theorem provides an alternative way to 
derive Corollary 13.21 



The following observation will be crucial for the proof of Theorem l5.ll 
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Proposition 5.1. Let (M, 6) be a strictly pseudoconvex CR manifold and let 
f : (M, 6) W - C m x R 

x — > f{x) = (Fi(x), F m (x), a{x)) 
be a C 2 map such that df(H(M)) c H(W n ). Then 

H h (f) = Yj(A b cpjXj + A^jYj) 

7=1 

where <fj(x) = ReFj(x) and tf/j(x) = ImFj(x). 

In particular, Hb(f) is a horizontal vector field and 

m 

I#*(/)Ih» = 4^[(A fo ^) 2 + (A^j) 2 ]. 

7=1 

Proof. One has, for any vector W e TM, 

m 

dfW = J] (dfj(W)Xj + d^j(W)Yj) + 9(df(W))T. 

7=1 

For W e H(M), df(W) e H(H m ) and, then, 

m 

df(W) = J] (d<Pj(W)Xj + di{,j(W)Yj) . (5.8) 

7=1 

Let {e,} be a local orthonormal frame of H(M), then 

P f {e i ,e i ) = %df{e i )-df{V ei e i ). 
Since e ; and V e .e,- are horizontal and that df{H{M)) c H(W n ), we have 

m m 

P f {e u ed = ^ %(d(pj(edXj + d^edYj) - ^[^(V^,)^ + d^j(y ei e t )Yj] 

7=1 7=1 

with 

%(d(pfa)Xj) = e t ■ dipjiedXj + dtpfayV^yXj 

and 

VfaMedYj) = ei ■ diffjiedYj + ^/^V^F,, 

Therefore, 

m m 

7=1 7=1 
m 

+ |][^i)VS^Zy + ^(^V^y>]. (5.9) 

7=1 

Recall that the Levi-Civita connection of H'" is such that 

vjz, = v?;f, = vf r = o, 

V£y y = -25 kj T, v|"r = 27,, v*Y = -2X k , 
VfXj = 26 kj T, VfX k = 2Y k , Vf 7, = -22k 
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Thus, 

VTneiPi = YjidfkiedV^Xj + dMedVy.Xj) 

k 

= diffjiedVyXj = 2d^j(edT. 

and 

Vf^Yj = -IdtpjiedT. 
Replacing into (15.91) and summing up with respect to i, we get 

2)i m 

H b (f) = J] Z ( [ei ' d(p J (ei) ~ d< Pj(V e ,ei)]Xj + [ ei ■ dipped - ^(V^)]^) 
i=i j=i 

m 

7=1 

□ 

Proof of Theorem \5.1\ As in the proof of Theorem l3.ll we will use the com- 
ponents of the map / as multiplication operators. Let us write f(x) = 
(F^x), F m (x), a{x)) e C m xR and Fj(x) = <pj(x)+iiffj(x). The main differ- 
ence with respect to the Euclidean case is that here, only the C" components 
of / come in. All along this proof we will use the fact that, V W e H X (M), 
the vector df(W) is horizontal and (see (15.81) ) 

m 

\df{W)\\ m = 4 J] [\diPj(W)\ 2 + Wj(W)\ 2 ) ■ (5.10) 

7=1 

Repeating the same calculations as in the proof of the Theorem 13. 1[ we get 

m 

£<[-A fo + V, <Pj]Ui, <PjUi) L 2 + ([-A b + V, i//j]Ui, if/jUi) L 2 




Let {e,} be a G^-orthonormal basis of H X (M), then 

m m 2n 

;=1 j=\ i=l 

2n m 

'=1 7=1 
In 2m 

1=1 7=1 
1 2 " 

= ^ £1^)1^ = -. 
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Thus, 

m 

J]([-A b + V, (Pj\u h ifjUi) L 2 + ([-A b + V, ij/j]u h iffjUi) L 2 = -. (5.1 1) 

On the other hand, 

\\[-A b + V, (fjMll, = £ ((A b (Pj)ui + 2(V H <pj, V H Ui ) G ) 2 

= f (A b(Pj ) 2 u 2 +4 f (V> y ,W)^ 

+ 2 f (A b(P j)(V H <pj,V H ul) Ge . 
Jn 



We have a similar formula for \\[-A b + V, iff j]Ui\\ 2 2 . Since V H Ui e H(M), one 
has 



./=! 



^{^■(W) 2 + ^(vV) 2 } 

l -\df{V H Ui f\w = j|VVl Ge . 



Therefore, 

|;|j{vvv\>^(v%v\.)y = 1JV«, 

■ i-L 

For the two remaining terms, we have thanks to Proposition 15.11 and the 
identity (153b . 

g ((A fo ^) 2 + (A^jf) ut = \£ \H b {f)\Wi 

and 

7=1 Jn 

= - I (H h (f), £ difj(V H u 2 )Xj + ^ di/,j(V H u 2 )Yj) w , 

Jn 7=1 i=l 

= J j(H b (f),df(V H uf)) mm = 0, 
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where the last equality follows from the fact that H b (f) is orthogonal to 



df(H(M)) (LemmaEJJ- Finally, 

||[-A„ + V, Vjluttv + IIE-A* + V, it/j\ug L 2 =*t + \f {\ H h(f)\^ ~ V) ul 

(5.12) 

Applying Lemma I3TT1 with A = -A b + V and B = ipj then B = ifrj, summing 
up with respect to j and using (15.1 II) and (15.121) . we obtain the inequality 
(1531) . 

As in the proof of Theorem l3.ll we derive the inequalities (15.61) and (15.71) 
from (1531) with p = 2. □ 

6. Reilly type inequalities for CR manifolds mapped into the Euclidean 

SPACE OR THE HEISENBERG GROUP 

Let (M, 9) be a compact strictly pseudo-convex CR manifold. If / : 
(M, 6) — > R m is a semi-isometric C 2 map, then Theorem [XT] (i.e. inequality 
(13.11) with k = 1 and p = 1) gives, 

A 2 (-A b + V) < (1 + -MxC-A* + V) + ^- f teCOH* - 4V) m?. 

When M is a compact manifold without boundary and V = 0, one has 
/ti(-Afo) = and w 2 = . Therefore, the following Reilly type result 
holds (see lfTBIl for details about Reilly inequalities) 

A 2 (-A b ) < f \H b mg m . 

This result can be obtained in an independent and simpler way, in the 
spirit of Reilly 's proof, under weaker assumptions on /. Moreover, the 
equality case can be characterized. Indeed, we first have the following 

Theorem 6.1. Let (M, 9) be a compact strictly pseudoconvex CR manifold 
of dimension In + 1 without boundary. For every C 2 map f : (M, 9) — > R m 
one has 

A 2 (-A h )E b (f) < i f \H b (f)\ 2 R „, (6.1) 
^ Jm 

where the equality holds if and only if the Euclidean components fi, ■ ■ ■ ,f n 
off satisfy -A b f a = A 2 {-A h ) (f a - f fa) for every a < m. 

Proof. Replacing if necessary f a by f a - f f a we can assume without loss of 
generality that the Euclidean components f\, . . ., f„ of / satisfy f f a &g = 
so that, we have 

A 2 (-A b ) f fl< f \V H f a \ 2 Gg . (6.2) 
Jm Jm 
Summing up with respect to a, we get 



A 2 (-A b ) [ \f\ 2 RI „ < [ V \V H f a 
Jm Jm ~t 



2 

Go' 

a=l 
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Denoting by {e a } the standard basis of R m and by {X,} a local orthonormal 
frame of H(M), we observe that 



2/i 



2n m 



2e b (f) = Yj\df(X i )\l m = Y j y Zj {d ft Xi) > 6a} * 

i=l i=l a=l 

m 2n m 

= Z Z w/^fc = Z |V ^- 



a=l i=l 



a=l 



Therefore, 



A 2 (-A h ) [ \fg n < f V |V^4 = 2Eb(f) (6 3) 

Jm Jm ~f 



On the other hand, we have 

/ m 

\2 



4E b (fY 



m p \ ( '" r V 

Z |V ^'g. = Z 

( r m ^ 2 
I </(*), V(A 6 / a )e a ) Rm 



\Jm 



(f(x),H b (f)) R ,„\ < 



Jm Jm 



Combining with (16.31) . we get 



2E b (f) 



4E b (f) 2 < ^pLL f \H b (f)\l m 

which gives the desired inequality. 

Now, if we have, for every a < m, -A b f a = A 2 (-A b )f a , then H b (f) = 
(A b f u ...,A b f m ) = -A 2 (-A b )f and f M \H b (f)fc m = A 2 {-A b f f M |/||„. On 
the other hand, £,(/) = M^ =1 [V*/<4 = ^ 2 (-A 6 ) £ |/|^ which implies 
that the equality holds in (I6.ll) . Reciprocally, if the equality holds in (16.11) 
for a nonconstant map /, then it also holds in (16.21) for each a. Thus, the 
functions f\,...,f m belong to the /l 2 (-A fe )-eigenspace of -A;,. □ 

If a map / : (M, 6) — > W" preserves the metric with respect to horizontal 
directions (i.e., \df(X)\ R ,„ = \X\ Gg for any X e H{M)), then its energy density 
e b (f) is constant equal to n and 

E b (f) = nV(M,e). 



Inequality (16.11) becomes in this case 



h(~A b ) < 



(M,0)X 



\H b (f)\ 2 , 



(6.4) 



2nV(M,uj j M 

The characterization of the equality case is the last inequality requires the 
following Takahashi's type result. 
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Lemma 6.1. Let (M, 6) be a strictly pseudoconvex CR manifold of dimen- 
sion 2n + l and let f : (M, 6) — > R m be C 2 map. 

i) Assume that f(M) is contained in a sphere S m ~ l (r) of radius r cen- 
tered at the origin. Then f is pseudo-harmonic from (M, 6) to S m ~ 1 (r) 
if and only if its Euclidean components fi,...,f m satisfy, Va < m, 

~A b f a = Pfa 

withp = j I e b (f)eC° a (M). 

ii) Assume that f is semi-isometric. If the Euclidean components f\, . . . , f m 
of f satisfy, Va < m, -Abf a = Af a , for some A e R, then f(M) 

is contained in the sphere S m_1 (r) of radius r = and f is a 

pseudo-harmonic map from (M,6) to S" i_1 (r). Conversely, if f(M) 
is contained in a sphere S m_1 (r) and iff is a pseudo-harmonic map 
from (M,6) toS m ~ l (r), then, Va < m, -A b f a = %f a . 

This lemma is to be compared with Example 5.3 of [6| in which a sign 
mistake in Greenleaf 's formula led to an incorrect characterization of pseudo- 
harmonic maps into spheres. 

Proof of Lemma Wl\ i) For convenience, let us write / = jo / where j : 
S m-1 (r) -» R m is the standard embedding and f : M —> S m ~ l (r) is defined 
by f(x) = f{x). It is straightforward to observe that, VZ, Y e H(M), 

B f (X, Y) = Bj(df(X), df(Y)) + dj(B f (X, Y)) 

where Bj(W, W) = --^{W^xis the second fundamental form of the sphere 
S" l ~ l (r). Taking the trace, we obtain 

H b (f) = - 2 ^p-f + dj{H b {f)) = -^f-f + dj(H b (f)). 

r l r z 

Hence, if / is pseudo-harmonic from (M, 6) to S m_1 (r), then H b (f) = and, 
consequently, H b (f) = -^f with H b (f) = (A b f u A b f n ) (see <E3). 
Thus, Va < m, -A b f a = ^e b (f)f a . 

Reciprocally, if there exists a function p e C°°(M) such that -A b f a = pf a 
for every a < m, then 

/ m 



= A t 



J) f a = -2p J] f a + 2 £ \V H f a \ 2 Gg = -2pr 2 + 4e b (f). 

Va=l / a=\ a=l 

Hence, p = 2sg& H b (f) = -^f and, then, H b {f) = 0, which means that 
/ is pseudo-harmonic from (M, 6) to 5 m_1 (r). 



ii) From the assumptions, one has H b (f) = -Af (see (12.21) ). Since / is 
semi-isometric, we know that H b (f) is orthogonal to df(H(M)) (Lemma 
O) . Therefore, VxeM and \fX e H X (M), one has (f(x), df x (.X)) RI „ = 
which implies that the function x i-» has zero derivative with respect 

to all horizontal directions. Since the distribution H(M) is not integrable, 
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this implies that |/(x)|L, is constant on M, that is f(M) is contained in a 
sphere S" ,_1 (r) of radius r centered at the origin. The pseudo-harmonicity 
of / from M into S'"' l (r) then follows from (i). Moreover, one necessarily 
has A = with e b (f) = n since / is semi-isometric. Thus, the radius of 
the sphere is such that r 2 = y. 

□ 

Theorem 16. II and Lemma I6TI lead to the following 

Corollary 6.1. Let (M, 9) be a compact strictly pseudoconvex CR manifold 
of dimension 2n + 1 without boundary and let f : (M, 9) — > R m be C 2 
semi-isometric map. Then 

M ~ A ^ invh) (6 - 5) 
Moreover, the equality holds in this inequality if and only if f(M) is con- 
tained in a sphere S m_1 (r) of radius r = ^ Al ^" Al) an d f is a pseudo- 
harmonic map from (M, 9) to the sphere S (r). 

Similarly, for CR manifolds mapped into the Heisenberg group, one has 
the following 

Theorem 6.2. Let (M, 9) be a compact strictly pseudoconvex CR manifold 
of dimension 2n + 1 without boundary. 

i) Let f : M — > W = R 2m x R be any C 2 map satisfying df(H(M)) c 
H(W"). Then 

A 2 (-A b )E h (f) < \ [ \H b (f)\l„, 

where the equality holds if and only if the first 2m components f\ , . . . , fy m 
off satisfy -A b f a = A 2 (-A h ) (f a - f fa) far every a < 2m. 

ii) Let f : M — > H m be any C 2 semi-isometric map satisfying df(H(M)) c 
H(H m ). Then 

A 2 (-A b ) < — - — f \H b m\L. 

2V w 2nV(M,6)J M * bKJm 
Moreover, the equality holds in this last inequality if and only if f(M) is 

contained in the product S 2m_1 (r) x R c W" with r = J h J n Al ) , cind no f is a 

pseudo-harmonic map from (M, 9) to the sphere 5 2m_1 (r), where n : H" ! — » 
R 2m is the standard projection. 

Proof, i) Let / : M — > H m = R 2 " 1 x R be a C 2 map satisfying df(H(M)) c 
H(W n ) and set / := n o / : M — » R 2m where n : H m -h> R 2m is the standard 
projection. One has, for every pair (X, Y) of horizontal vectors, 

0f(X, Y) = PAdfyX), df(Y)) + dn(J3 f (X, Y)). 

Since for any X e H(W"), |^(X)| 2 2 ,„ = ||X| 2 m (see <E3J) and dn(T) = 0, 
one can easily check that fi„ = (Corollary 12.11 ) and, then, fif(X, Y) = 
dn(fif(X,Y)). Thus, H b (f) = dn{H b {f)) and, since H b (f) is horizontal 
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(Proposition [5TB, Wbif)^ = \\Hb(f)\^n- On the other hand, it is clear 
that e b (f) = \e b (J) and, then, E b (f) = \E b (f). Therefore, it suffices to 
apply Theorem 16. II to complete the proof of the first part of the theorem. 

ii) Assume now that the map / is semi-isometric. Using the assumption that 
/ preserves horizontality, i.e., df(H(M)) C H(W), one checks that the map 
2n o f is also semi-isometric. Applying Corollary 16. 1 I to the latter we easily 
deduce what is stated in part (ii) of the theorem. 



7. Eigenvalues of the Horizontal Laplacian on a Carnot group 

A Carnot group of step r is a connected, simply connected, nilpotent Lie 
group G whose Lie algebra g admits a stratification 



so that [V lt Vj] = Vj+u j = I,..., r - 1 and [V h Vj] c V i+j , j = 1, r, with 
Vk = {0} for k > r. We also assume that g carries a scalar product (, ) B for 
which the subspaces Vj are mutually orthogonal. The layer V\ generates the 
whole g and induces a sub-bundle HG of TG of rank d\ = dim Vi that we 
call the horizontal bundle of the Carnot group. The Heisenberg group W d is 
the simplest example of a Carnot group of step 2. 

For each i < r, let {e\, ■ ■ ■ , e', } be an orthonormal basis of V, and denote 
by {X[ , • • • , X 1 ,] the system of left invariant vector fields that coincides with 
{e\, • • ■ , e\ } at the identity element of G. We consider the Riemannian met- 
ric g G on G with respect to which the family {X\ , • • • , X^, • • • , X r v ■ • ■ ,X r d ) 
constitute an orthonormal frame for TG. The corresponding Levi-Civita 
connection V induces a connection V H on HG that we call "horizontal con- 
nection" : If X and Y are smooth sections of HG, then V^Y = n H V x Y, 
where n H : TG — » HG is the orthogonal projection. The horizontal Lapla- 
cian A H is then defined for every C 2 function on G by 



Theorem 7.1. Let G be a Carnot group and let Q,be a bounded domain in 
G. Let V be a function on Q. so that the operator —A H + V, with Dirichlet 
boundary conditions if Q ± G, admits a purely discrete spectrum {/l/};>i 
which is bounded from below. Then, for every k > 1 and pel, 



□ 



g = Vi © ... e V r 




where the last equality follows from the fact that V*LX\ = for any i, j 
1 . . . d\ . The operator A H is a hypoelliptic operator of Hormander type. 
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where d is the rank of the horizontal distribution HG, T\ = Vujvc and 
v G is the Riemannian volume element associated with g G . Moreover, if V is 
bounded below on Q, then for every k > I, 



and 



I 4\ 1 4 



4+i < 11 + -)k$Ai-C(d,k)wfV 
d n 



vwftC(d,ife) = (l + i)ifcJ-l. 

Proof. Let [ei, . . . , e^} be an orthonormal basis of the subspace Vi and de- 
note by {Xi, • • • , X d ) the system of left invariant vector fields that coincides 
with {e\, . . . , ed\ at the identity element of G. Since the group G is nilpo- 
tent, the exponential map exp : g — > G is a global diffeomorphism. We 
can define, for each i < d, a smooth map x; : G — » R by 

:= (exp _1 (g),e,) g . 

These functions satisfy (see Ifl2l Proposition 5.7]), Vz, j = 1, m, 

Xy • Xi = Sij and A#x; = 0. 

Again, we apply Lemma I3TT1 with A = -A H + V and B = x a , I < a < 
m. We need to deal with the calculation of ([-A H + V,x a ]Uj,x a Ui) L i and 
||[-A# + V, x a ]Uj\\ 2 L 2, where {w,},>i a complete orthonormal family of eigen- 
functions with (-A& + V)uj = AjUj. We have after a straightforward calcula- 
tion : 

[-A H + V, x a ]Uj = -2X a ■ Uj. 
Integrating by parts we get 

f (X a ■ u t ) x a Ui = ]- f (X a ■ uf) x a = -]- f u] (X a ■ x a ) = ~ f u\ = -]-. 
Jn 1 Jn 1 Jn 1 Jn 1 

Thus, 

d d ~ 

^ <[-A H + V, x a ]Uj, x a Ui) L 2 = -2 ^ I (X a ■ u r ) x a ui = d. 

a=l a=l ^ n 

On the other hand, we have 

d d „ 

£ \\[-A H + V, x a M\ 2 L 2 = 4 J] I ■ u i\ 2 = 4 - r *) 

Putting these identities in Lemma 3.1, we obtain the first inequality of the 
theorem. 



The rest of the proof is identical to that of Theorem 13.11 



□ 
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